ABSTRACT. Motivated by the study of spectral properties of self-adjoint operators in the integral group ring of a sofic group, we define and study integer operators. We establish a relation with classical potential theory and in particular the circle of results obtained by M. Fekete and G. Szegö, see [Fek23, FS55, Sze24] . More concretely, we use results by R. Rumely, see [Rum99], on equidistribution of algebraic integers to obtain a description of those integer operator which have spectrum of logarithmic capacity less or equal to one.
INTRODUCTION
Let Γ be a discrete group. We consider the Hilbert space ℓ 2 Γ with basis {δ γ | γ ∈ Γ }. In [Tho08] , we studied spectral properties of operators which arise as integral linear combinations of left translation operators λ(γ) ∈ B(ℓ τ(a) = aδ e , δ e .
Given the canonical faithful trace, it makes sense to talk about the spectral measure of a normal operator. Indeed, all the spectral projections of a normal operator a ∈ LΓ lie in LΓ and applying the trace to the usual projection-valued spectral measure gives an ordinary measure on the complex plane. Given a finite von Neumann algebra with a specified faithful and normal trace (M, τ), and a normal operator a ∈ M, we denote the resulting spectral measure by µ a . In case of group rings ZΓ ⊂ LΓ , this measure encodes most interesting information about the particular element of ZΓ and there are many prominent conjectures about its properties, see [Lüc02] .
In [Tho08] , we defined the notion of integer operator and showed that as long as Γ is a sofic group, all self-adjoint operators in ZΓ are integer operators. The study of those operators resulted in various restrictions on the spectral measure. In particular, we showed that there cannot be any eigenvalues which are not algebraic integers, proving the algebraic eigenvalue conjecture of J. Dodziuk, P. Linnell, V. Matthai, T. Schick and S. Yates, see [DLM + 03]. Moreover, we gave several restrictions on the operator norm of such integer operators and proved that the continuous part of the spectral measure of a self-adjoint integer operator of norm 2 is arcsine distributed. In this article we will extend and generalize these results.
The paper is organized as follows: Section 1 is the Introduction. In Section 2, we define the concepts of integer measure and integer operator and study their basic properties. We discuss their occurrence and define the basic invariants, i.e. the determinant and the discrimant, which we use to study those operators. In Section 3, we use potential theory to obtain restrictions on the possible spectral measures of integer operators. Our reference for the basic and more advanced results in one variable potential theory is [Pom75] . We will show that that there is an abundance of integer measures, by showing that equilibrium measures are integer measures as soon as there support has logarithmic capacity bigger or equal than one. Although we refer to results of Fekete-Szegö and Rumely, this section is self-contained. In Section 4, we relate integer measures to recent work of Petracovici, Petracovici and Zaharescu in [PPZ04] . There, the authors constructed a certain metric space out of the variety of Galois orbits in the complex plane. We identify this space with a subspace of the Wasserstein space of the complex plane. Moreover, we proof that the Wasserstein space of a proper metric space is proper.
INTEGER MEASURES

Definitions and conventions.
A polynomial p ∈ Z[t] is said to be monic if its leading coefficient is equal to 1. Any complex number which can arise as root of a monic integer polynomial is said to be an algebraic integer. Let p ∈ Z[t] be a monic polynomial with integer coefficients. It is well-known, that the roots of p(t) are closed under the action of the absolute Galois group Gal(Q : Q). They form an orbit of a point if and only if p(t) is an irreducible integer polynomial, i.e. does not further factorize into integer polynomials. For background on Galois theory, we refer to [Wei95] . For our purposes it suffices to think of the set of all algebraic integers as partitioned into equivalence classes of those which arise always simultaneously as roots of monic integer polynomials. These equivalence classes are precisely the orbits of the action of the Galois group. It is a basic fact of Galois theory that the set of algebraic integers form a sub-ring of C.
Given a polynomial p ∈ C[t] of degree n with roots α 1 , . . . , α n , we set:
It is obvious from their definitions, that if p is an monic integer polynomial, then det(p) and disc(p) are fixed by the Galois group. It is a another basic fact, that all algebraic integers which are fixed by the Galois group are elements of Z. We conclude that | det(p)| ≥ 1 and |disc(p)| ≥ 1 in this case.
We denote the C * -algebra of bounded complex valued continuous functions on C by C b (C). For us, a probability measure µ on the complex plane C is a linear functional
which satisfies C f dµ(z) ≥ 0 if f ≥ 0 and C 1 dµ(z) = 1. A probability measure is said to be atomic if it is a weighted sum of point evaluations.
Definition 2.1. Let p ∈ C[t] be a polynomial. We denote by ∆(p) the atomic probability measure on C which is equidistributed on the roots of p(t), taking multiplicities into account, i.e.
where α 1 , . . . , α deg(p) is a list of roots of the polynomial p.
We want to study measures which arise as certain weak limits of measures ∆(p), where p is an monic polynomial with integer coefficients. Recall, a probability measure µ on C is the weak limit of a sequence of probability measures µ n on C, if
Definition 2.2. A probability measure on the complex plane is said to be an integer measure, if there exists a sequence of monic polynomials p n ∈ Z[t], such that (1) ∆(p n ) → µ weakly, and (2) The supports of ∆(p n ) are uniformly bounded, i.e.
In the sequel, we will derive some non-trivial properties of the spectral measures of integer operators, which arise through the subtle interplay between the action of the absolute Galois group Gal(Q : Q) and the metric topology on C. However, there is also a trivial consequence of the fact that complex conjugation is continuous with respect to the metric topology on C. In fact: x n dµ(x) ∈ R, for all n ∈ N and all integer measures µ. Phrasing it differently, and denoting by τ : C → C complex conjugation, then τ * (µ) = µ, for every integer measure µ. If a measure satisfies τ * (µ) = µ, we call it symmetric. The same term is used for subsets of the complex plane, which are fixed by the complex conjugation.
In order to justify the definition, we mention an old result by T. Motzkin in [Mot47] . It says that the second condition in Definition 2.2 is essential. Theorem 2.3. Let µ be a symmetric probability measure on the complex plane. There exists a sequence p n ∈ Z[t] of monic polynomials, such that ∆(p n ) → µ weakly.
Proof. Indeed, T. Motzkin proved in [Mot47] that for all ǫ > 0, all but one of the zeros of a monic integer polynomial can be prescribed to lie in an ǫ-neighborhood of arbitrarily given complex numbers, which lie symmetrically in the complex plane. This implies that every symmetric atomic probability measure can be approximated weakly by measures of the form ∆(p) for monic integer polynomials p ∈ Z[t]. The proof is finished by observing that the set of symmetric atomic probability measures is weakly dense in the space of all symmetric probability measures.
2.2. Group rings and integral sub-rings in finite von Neumann algebras. The following definition differs slightly from Definition 5.1 in [Tho08] . However, all results about integer operators in [Tho08] will be reproved and considerably extended in the sequel.
Definition 2.4. Let (M, τ) be a finite von Neumann algebra. A normal operator a ∈ M is said to be integer, if its spectral measures is an integer measures on C.
In many important constructions of finite von Neumann algebras, i.e. as group von Neumann algebras or as a group measure space construction, there are natural candidates of sub-rings, whose normal elements should be integer operators. More specifically, we have the following conjecture:
Conjecture 2.5. Let Γ be a discrete group. Then, the subset of normal elements in ZΓ ⊂ LΓ consist entirely of integer operators.
For residually finite groups, the answer to Conjecture 2.5 is positive. In [Tho08] , we showed that for Γ sofic, Conjecture 2.5 has an affirmative answer for self-adjoint elements in ZΓ . For a definition of the term sofic we refer the reader to [Tho08] . Since there is no group known, which is not sofic, it will be obviously rather hard to construct a counterexample to Conjecture 2.5.
An extension of the results of [Tho08] to normal elements could be based upon a better understanding of pairs of symmetric integer matrices, whose commutator has a small rank compared to the size of the matrices. More specifically, a positive answer to the following conjecture about integer matrices would imply the desired result: Conjecture 2.6. For every ε > 0, there exists δ > 0, such that the following holds: Let A, B ∈ M n Z be symmetric matrices and assume that rank(AB − BA) < δ · n holds. Then, there exists k ∈ N, and symmetric matrices
The preceding conjecture should be seen as an integral analogue of H. Lin's seminal result about almost commuting self-adjoint complex matrices, see [Lin97] . There, the corresponding result is proved with the operator norm in place of the normalized rank.
The evidence for the following conjecture (which is just the group-measure space analogue of Conjecture 2.5) is less striking.
Conjecture 2.7. Let (X, µ) be a standard probability space and Γ be a discrete group that acts on (X, µ) by Borel isomorphisms that preserve the measure. Then, the normal operators in the sub-ring
Apart from the amenable case, and pro-finite actions of residually finite groups, there seems to very little evidence, that Conjecture 2.7 ist true. However, this conjecture is in the line of problems like Connes embedding problem to which no counterexamples are in sight. It would be nice to have a suitable notion of soficity for Borel actions on standard probability spaces. Although several definitions come to mind immediately, is not at all clear whether the class of such actions is large or small. Note, that also the Connes embedding question is essentially open for such von Neumann algebras. An affirmative answer of Question 2.7 would have interesting applications in the theory of ℓ 2 -torsion of discrete groups.
Properties of integer measures.
We first recall some properties of integer measures that were obtained in [Tho08] . Since the results are not stated precisely in this form in [Tho08] , we will also include a short proof. For β ∈ C a complex number and ε > 0, we denote by B(β, ε) the open disk of radius ε with centre β. Proof. Let p n be a sequence of monic integer polynomials, such that ∆(p n ) → µ and all zeros of the polynomials p n lie within a disk of radius λ.
Let β ∈ C be an arbitrary complex number. From weak convergence and monotonicity, we get:
Assume that β is not an algebraic integer. We have to exclude the possibility, that for ǫ > 0 arbitrarily small, there exist a monic integer polynomials p, such that the proportion of zeros within an ǫ-distance of β is greater than some δ > 0. Clearly, we can restrict to irreducible polynomials. Assume that such a δ > 0 exists. If p is irreducible of degree n, then all roots are distinct and we get
Here, we used that |disc(p)| ≥ 1 for monic integer polynomials, which was justified in the beginning of Section 2.1. Taking logarithms in Equation 2, we get:
and taking ǫ sufficiently small we get an upper bound on n. Since there are only finitely many monic integer polynomials of bounded degree which have all their roots in B(0, λ), the set of zeros of such polynomials is discrete and consequently, β is an algebraic integer. This contradicts the hypothesis that δ > 0 exists and proves the first claim. The argument shows, that if there is an atom at some complex number β, then it has to be an atom of ∆(p n ) for large n and actually
follows from weak convergence ∆(p n ) → µ, and hence
This also implies the second claim since the zeros of p n form orbits under the absolute Galois group Gal(Q : Q) and the multiplicities are constant along orbits. Thus the proof is finished.
Proposition 2.9. Let µ be an integer measure. The measure µ is a convex combination of an atomic integer measure and an integer measure which does not contain atoms.
It is conjectured that for a torsion-free group Γ , the spectral measure of a normal operator in ZΓ has neither an atomic nor a singular part. The statement about the atomic part is a consequence of Atiyah's conjecture, see [DLM + 03]. The next theorem is a regularity result for the non-atomic part of the spectral measure of such operators. Since it applies also to groups that contain torsion, the conclusion has to be much weaker than the conjecture above. Theorem 2.10. Let µ be an integer measure not containing atoms. There exists a constant C, such that for all β ∈ C and 0 < ǫ < 1
Proof. Let p n be a sequence of monic integer polynomials, such that ∆(p n ) → µ weakly, and the size of the zeros is bounded by some λ > 0. We know: β, ǫ) ).
For simplicity, set j n,ǫ = ∆(p n ) (B(β, ǫ) ). Each polynomial p n splits into irreducible factors p = q
ln ,n . Let D n be the degree of p n and d n be the minimum degree of the factors of p n . Since there are no atoms in µ and the set of polynomials with bounded degree and all roots within B(0, λ) is finite, the degrees of the factors have to tend to infinity as n → ∞, i.e. lim n→∞ d n = ∞. It follows, that:
where α 1 , . . . , α Dn is a list of roots of p n . In the second inequality above, we have used that the highest power to which an irreducible factor can appear is bounded from above by D n /d n . Hence, every root can appear at most D n /d n times. We conclude from Equation 4 that
, and hence
This finishes the proof.
2.4. Continuity of the determinant and the discriminant. In this section we investigate the continuity properties of the functional
on the a suitable space of integer measures. It turns out that upper semi-continuity can be easily established whereas we find an explicit sequence of integer polynomials which shows that log det cannot be lower semi-continuous.
Definition 2.11. Let µ, ν be probability measures on C. We set, for a Borel subset B ⊂ C:
(B)), where a : C 2 → C with a(α, β) = α − β.
Consider the Banach space C λ = C(B(0, λ)). Let Λ λ ⊂ C ′ λ be the weak- * -closure of the set of integer measures.
Proposition 2.12. Convolution defines a separately weak- * -continuous map
Proof. The only non-trivial assertion is that the convolution of integer measures is indeed an integer measure. Let p, q ∈ Z[t] be monic polynomials with roots α 1 , . . . , α n and β 1 , . . . , β k . Clearly, the set {α i + β l | 1 ≤ i ≤ n, 1 ≤ l ≤ k} is invariant under the action of Gal(Q : Q). This implies that this set is zero-set of a monic integer polynomial. The result extends by continuity.
Lemma 2.13. Let λ ≥ 1. The map
is well-defined and weakly upper semi-continuous, i.e.
for every weakly convergence sequence of integer measures.
Proof. Upper semi-continuity in the weak- * topology follows from a variant of Fatou's Lemma:
Lemma 2.14 (Fatou). Let µ k → µ weakly and let f : C → R be a measurable and positive function. If
then the right side of the inequality exists and
Proof.
Here, we used the more familiar variant of Fatou's Lemma to get the inequality.
Specifying the preceding lemma to f(z) = max{log λ − log |z|, 0}, this implies that log det is well-defined (i.e. bounded on Λ λ ) and upper semi-continuous on Λ λ . For this, note that always log det(∆(p)) ≥ 0 since p is a monic integer polynomial and hence:
Corollary 2.15. The map
is well-defined upper semi-continuous from the weak- * -topology.
Proof. We write log disc(µ, ν) = log det(µ * ν), using the factorization:
For simplicity, we set D(µ) = log disc(µ, µ). The following example shows that log det is in general not continuous. I owe this example to K. Ramsay.
For |t| = λ and sufficiently large n, we have
Hence, by Rouché's Theorem, p n (t) has all its roots within |t| = λ, i.e. ∆(p n ) ∈ Λ λ . For |t| = λ 1−n/2 and n sufficiently large, we have
Again, using Rouché's Theorem, p n will have precisely one root t 0 inside B(0, λ 1−n/2 ) ⊂ B(0, 1). Moreover, by a similar argument, this is the only root in B(0, 1). We compute lim inf
This implies, that lim sup
whereas |z|≤1 log |z| dµ = 0, where µ denotes some limiting point of the sequence ∆(p n ). Indeed, note that µ(B(0, 1)) ≤ lim sup n→∞ ∆(p n )(B(0, 1)) = 0. Clearly,
log |z| d∆(p n ) = |z|≥1 log |z| dµ, and hence lim sup
log |z| dµ.
This shows that log det is not continuous.
POTENTIAL THEORY AND APPLICATIONS
3.1. Free entropy, logarithmic energy, capacity and discriminants. Let µ be a probability measure. We set:
This quantity is called the logarithmic energy of the measure µ. If µ is the spectral measure of a self-adjoint operator a ∈ M, D. Voiculescu defined the free entropy χ(a), which is closely related to the logarithmic energy of the measure µ. In fact, we have
The following proposition is the basic observation, which gives a first restriction on the possible values of I(µ) and χ(a), if a ∈ M is an integer operator. Proof. This result follows from Proposition 3.1, since µ a is an integer measure and
for all monic polynomials p n ∈ Z[t]. Here, α 1 , . . . , α n is a list of roots of p n .
Let E ⊂ C be a compact sub-set of the complex numbers. Recall, the logarithmic capacity cap(E) is defined as − log(cap(E)) = inf {I(µ) | µ is supported on E}.
If cap(E) > 0, then there exists a unique measure µ E on E, which is called the equilibrium measure µ E on E, such that − log(cap(E)) = I(µ E ).
Example 3.3. The equilibrium measure on the unit circle is just the Haar measure, whereas the equilibrium measure on the interval [−2, 2] is the arcsine law, which has density with respect to the Lebesgue measure:
In both cases, the logarithmic capacity is equal to one.
Example 3.4. Let p ∈ C[t] be a monic polynomial and consider the lemniscate
Then, for the logarithmic capacity, we get:
. This is best understood through the explicit Green's function and some well-known results from potential theory, which we recall in Section 3.3. For more details, see also [Pom75] .
3.2. The work of Fekete and Szegö. We first want to recall a main result in the work of M. Fekete and G. Szegö, which relates the logarithmic capacity of a subset of the complex plane with the number of orbits of algebraic integers, that can be found near those sets. A set of algebraic integers is said to be complete, if it is closed under the action of the absolute Galois group. Observe, that this result has a very drastic consequence on the spectral measure, supported on sets of small logarithmic capacity. Proposition 3.6. Let µ ∈ Λ λ be an integer measure. If the capacity of supp(µ) is strictly less than 1, then the measure µ is completely atomic.
Proof. If the measure µ is not completely atomic, then, by Proposition 2.9, its continuous part µ c is an integer measure, which is supported on supp(µ c ) ⊂ supp(µ). It follows from Theorem 3.2 that I(µ) ≤ 0 and hence cap(supp(µ)) ≥ cap(supp(µ c )) ≥ 1. This finishes the proof.
Theorem 3.8 shows the abundance of spectral measures. For the proof, we needed the following theorem, which is a slight but enlightening modification of a result of Fekete and Szegö. Since its proof can be taken almost verbatim from their seminal article [FS55] , we attribute this result to them. Indeed, it is most likely that this variant is well-known to experts.
Theorem 3.7 (Fekete-Szegö). Let p(t) ∈ C[t] be a monic polynomial and the lemniscate domain
}.
For every Q < R, there exists an monic integer polynomial q(t) ∈ Z[t], such that the set
The main consequence in the language of integer measures is now the following: Theorem 3.8. Let E ⊂ C be a symmetric sub-set and of the complex plane and denote by µ E the equilibrium measure. If cap(E) ≥ 1, then µ E is an integer measure.
Proof. The proof is a reduction procedure, whose key step is Theorem 3.7.
First of all, by Theorem I in [FS55] . There is a sequence of lemniscate domains
}, such that (1) E n+1 encloses E n , (2) as n → ∞, the logarithmic capacity of the lemniscate domains γ(E n ) = R converges to γ(E), and (3) the curves approach E in the Hausdorff distance. We consider the sequence of probability measures µ En , that arise as equilibrium measures on the sets E n . This sequence, by the Theorem of Banach-Alaoglu, has a weak- * -convergent subsequence, which converges to a measure µ. Clearly, the measure µ is supported on E and
Hence, I(µ) = − log γ(E) and µ has to be the equilibrium measure on E. To finish the proof, we need to show that an equilibrium measure on a lemniscate domain is an integer measure. We now employ Theorem 3.7. Recall, for Q < R be arbitrary, Theorem 3.7 yields a monic integer polynomial q ∈ Z[t], such that
}. The set of real numbers Z = {m 1/k | m, k ∈ N} is dense in R ≥0 . Hence, we find Q n ∈ Z, such that Q n < R and |R − Q n | < 1/n. Denote by q n the monic integer polynomial that corresponds to Q n . Observe, the equilibrium measure on E Qn ,qn is an integer measure. Indeed, if Q n = m n deg(qn)/kn , then
supports all the roots of the monic and integer polynomials m l (t) = q(t) knl − m l deg(qn) n . Moreover, it follows from well-known results in [FS55] , that ∆(m l ) → µ E Qn ,qn weakly.
Again, applying the Theorem of Banach-Alaoglu, the sequence of probability measure µ E Qn ,qn has a weak limit point µ ′ , which is an integer measure. Denote the support of µ ′ by E ′ . We conclude from the construction that the set E ′ , which is enclosed by
Moreover,
Hence, we have constructed an integer measure µ ′ whose support is enclosed by E, and such that I(µ ′ ) = R = − log γ(E). Since the logarithmic capacity of E and the set enclosed by E agree, it follows that µ ′ is the equilibrium measure on E = {z | |p n (z)| = R deg(pn)
}. This finishes the proof.
3.3. Green function's and Rumely's Theorem. We seek a partial converse for Theorem 3.8. Let E ⊂ C be a compact subset and assume that E c is connected. We can define the Green function G E : C → R which is uniquely determined by the following properties:
(i) it is continuous and non-negative on C, (ii) it vanishes on E and is harmonic on E c , (iii) G E (z) − log |z| is bounded near ∞.
It is well-known that lim z→∞ G E (z) − log |z| = − log cap(E), see [Pom75] .
Example 3.9. Let p(t) ∈ C[t] be a polynomial of degree n. The set
is compact and
, and one concludes that cap(E) = R 1/n . Let us now define the logarithmic Weil height with respect to E. Let p be a polynomial with roots α 1 , . . . , α n . We set:
Example 3.10. If E = B(0, 1), then G E (z) = max{0, log |z|} and h E (p) = 1 n log M(p) is the renormalized Mahler measure of the polynomial p.
The main result of R. Rumely in [Rum99] , which generalizes a seminal equidistribution result of Y. Bilu, see [Bil97] , is the following: Theorem 3.11 (Rumely) . Let E ⊂ C be a compact set which is symmetric with respect to complex conjugation. Assume that the logarithmic capacity satisfies cap(E) = 1. Let α n be a sequence of algebraic integers with deg(α n ) → ∞ . Denote by p n the minimal polynomial of α n . If h E (p n ) → 0, then the measures ∆(p n ) converge weakly to the equilibrium distribution µ E on E.
Proof. Obviously, h E (p n ) → 0 is equivalent to supp(µ) ⊂ E. Since I(µ) ≤ 0 by Proposition 3.1, and cap(E) = 1, we conclude I(µ) = 0. Thus, µ = µ E by uniqueness of the equilibrium measure. Proof. Let us first assume that µ is irreducible. Any irreducible integer measure is the weak limit of measures ∆(p n ), with p n ∈ Z[t], irreducible and monic. If the limiting measure is supported on a compact set E ⊂ C, then
Hence, Rumely's Theorem applies and µ = µ E . Now, since any integer measure on E lies in the closed convex hull of irreducible integer measures on E, the result immediately extends to non-irreducible measures.
The next corollary is a generalization of results, that have been obtained in [Tho08] in case of the unit circle and the interval [−2, 2]. Note that the proof is simplified. 
Decomposition of integer measures.
Theorem 3.14. We denote by P λ the sub-set of probability measures in Λ λ and X λ its set of extreme points. Let λ ≥ 1.
( (3) For every integer measure µ ∈ P λ there exists a unique probability measure ν ∈ P(X λ ), such that
It remains to characterize the extreme points. One natural class of measures that comes to mind, is the class of equilibrium measures. Let us formulate the following somewhat speculative question: Question 3.15. Let µ ∈ X λ be an integer measure and let E = supp(µ). Is it always true that µ = µ E ? Remark 3.16. Note that Theorem 3.11 solves Question 3.15 affirmatively if the capacity of supp(µ) equals one. Moreover, the conjecture is obviously true whenever the capacity is smaller that one. However, these cases are very special. Also in view of concavity of µ → I(µ), rather than convexity, a positive solution seems unlikely. In view of Theorem 3.14, an affirmative answer would be a striking result. In fact, it would reveal the nature of integer measures in a very nice and understandable way.
THE METRIC SPACE OF INTEGER MEASURES
4.1. The work of Petracovici, Petracovici and Zaharescu. In [PPZ04] , B. Petracovici, L. Petracovici and A. Zaharescu introduced the notion of unitary positive divisors on the complex plane and defined a metric on the set of those divisors. As one easily sees, a positive unitary divisor is nothing but an atomic probability measure, where the distance function agrees with the well-known Wasserstein metric on the space of probability measures. Moreover, if the underlying metric space is bounded, it is well-known that convergence in the Wasserstein metric is equivalent to weak convergence, see [GS02] for a nice survey on the relations between the many ways to metrize spaces of measures.
We see that every integral measure is a point in the completion of the metric space of Galois invariant positive unitary divisors, which was studied in [PPZ04] . In [PPZ04] , arbitrary (i.e. not necessarily integer) orbits of the Galois group where studied and some interesting number theoretic constructions found a nice interpretetion in terms of the Wasserstein metric.
In order to study the space metric space which was introduced in [PPZ04] more directly, it is of importance to decide, whether the induced topology is locally compact, i.e. whether the metric is proper. The following theorem subsection settles this question in full generality.
Spaces of measures and properness.
This subsection is independent of the rest of the paper. The result must have appeared somewhere in the literature. However, since we where unable to locate a reference, we include a short proof.
Let (X, d) be a metric space. We consider the following space of Borel probability measures on X:
where x 0 is an arbitrary point in X. Using the triangle inequality, one easily sees that the definition does not depend on the choice of the point x 0 ∈ X. We endow P(X) with the Wasserstein metric d W . For the definition of the Wasserstein metric, recall:
where ν is supposed to be a probability measure on X × X. Proof. It is well-known that (P(X), d W ) is separable and complete. Let us show that it is indeed proper.
Consider B 1 = µ | X d(x 0 , x)dµ(x) ≤ 1 and let µ n be a sequence of measures in B 1 . We want to show that there is a convergent sub-sequence µ n l . We write:
λ n,k µ n,k , where µ n,k is supported in B(x 0 , k + 1) \ B(x 0 , k). On bounded domains, the Wasserstein metric coincides with the weak- * topology. Hence, for each k, the sequences µ n,k have convergent subsequences. Similarly, the sequences λ n,k have convergent subsequences. Using a diagonalization procedure, there exists an increasing sequence of positive integers n l , such that d W (µ n l ,k , ν k ) ≤
